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Abstraet--A finite-difference numerical study with a boundary-fitted coordinate system was made to 
investigate the three-dimensional, steady-state, laminar entrance flow of an axially uniformly heated 
horizontal tube with different adiabatic inserts. Parametric calculations have been performed to determine 
the nature and effect on thermally driven secondary flows of Reynolds number (100 ~< Re ~< 1000), Grashof 
number (10 3 ~< Gr <<. 106), aspect ratio (1 ~< AR <~ 8) and radius ratio (0 ~< R* ~< 1). Typical streamline 
patterns, isotherms and axial velocity along the flow direction are obtained. Local friction factor, Nusselt 
number and entrance length in the hydrodynamically and thermally developing, and fully developed 
regions are presented and discussed. Furthermore, flow visualization was made and compared with the 
corresponding numerical results. The agreement is good for Re = 500 at the two different downstream 

distances. 

1. INTRODUCTION 
Convective heat transfer in horizontal ducts is fre- 
quently encountered in many engineering appli- 
cations, particularly for the design of heat exchangers. 
A comprehensive review of forced convection in ducts 
had been reported by Shah and Bhatti [1]. It has long 
been recognized that the presence of buoyancy would 
significantly affect the laminar forced convection in 
horizontal ducts due to the induced secondary flow, 
which enhances heat transfer between the wall and the 
fluid. 

As a practically used displaceable device, a longi- 
tudinal rectangular plate is often inserted in the tubes 
of heat exchangers to enhance tubeside heat transfer. 
Recently, Solanki et al. [2, 3] conducted experimental 
and theoretical studies on laminar forced convection 
in tubes with polygonal inner cores. Chen and Hsieh 
[4] numerically studied laminar mixed convection in 
a horizontal tube with a longitudinal square core. 

Most studies in the literature were concerned with 
fully developed conditions, however it was unclear 
how the flow develops to the final states for laminar 
mixed convection in a horizontal tube, especially with 
a longitudinal strip in its core. The developing process 
would not only provide insight into the complicated 
physics involved, but also legitimize the fully 
developed solution. Moreover, literature on develop- 
ing three-dimensional (3-D) laminar mixed con- 
vection tube flow with a longitudinal insert is relatively 
scarce. 

The present paper is a continuation of the work by 
Chen and Hsieh [4, 5] on fully developed laminar 
mixed convection in a horizontal tube with a longi- 

tudinal square or rectangular core of aspect ratio 5. It 
was found that the flow and heat transfer charac- 
teristics were affected by the aspect ratio and insert 
tilt angles (0, 45 and 90°). The purpose of this paper 
is to shed further light on the development of the 
primary/secondary flow in the presence of longi- 
tudinal squares and rectangular inserts, and their 
effects on heat transfer and friction characteristics. A 
clear picture of this developing process will also vali- 
date the fully developed solutions. To accomplish this, 
parabolization of the 3D Navier-Stokes equation in 
the streamwise direction was employed. Although this 
approximation is valid only for small Grashof num- 
bers without flow reversal, the present solution for 
10 - 3  ~< Gr/Re  2 <~ 102 can still reveal adequate flow 
phenomena for what one would like to examine. The 
SIMPLE algorithm of Patankar [6] with the slight 
modification of having the velocity and pressure as 
well as energy fields satisfy global continuity at every 
streamwise location was implemented with the body- 
fitted coordinate system. 

2. THEORETICAL ANALYSIS 

The problem of the steady, developing, laminar 
mixed convection flow in an axially, uniformly heated 
horizontal tube with different longitudinal inserts as 
illustrated in Fig. 1 is considered. A uniform inlet axial 
velocity Wm and a constant inlet temperature,/in, are 
imposed at Z = 0. It is assumed that the thermo- 
physical properties are constant except for the density 
in the buoyancy term. Axial diffusion [due to a large 
Pelect number under study (say, Pe > 100)], viscous 
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NOMENCLATURE 

Af dimensionless flow area of the passage 
AR aspect ratio for the present study, 

L/H 
dh hydraulic diameter [m] 
g gravitational acceleration [m s~'-] 
Gr Grashof number, [39qi,d~/kv 2 
H dimensionless height of insert, h/Ro 
J Jacobian of the transform 
k thermal conductivity of fluid 

[Wm ' K  -I] 
L dimensionless width of insert, l/R,, 
L h entrance length [m] 
Lff dimensionless entrance length, 

Lh/(dh Re Pr) 
N dimensionless normal direction 
Nu sectional averaged Nusselt number of 

heated tube 
p average pressure over the cross-section 

at each axial location [kg m -z] 
P outer parameter [m] 
P dimensionless cross-sectionally mean 

pressure, p/p W2m 
Pr Prandtl number, v/~ 
Po dimensionless outer parameter 
qin prescribed averaged heat flux on outer 

tube [W m -2] 
R source term of governing equation 
R* radius ratio of circumscribed circle of 

insert to outer tube, 0.5(L 2 + 1-12) L'2 
Re Reynolds number based on IV., 

Wmdh/V 
RN normalized radial distance, 

(71 - -  ?~min ) / (~max  - -  ~min )  

Ro radius of outer tube [m] 
t temperature 
T dimensionless temperature, 

( t -  t~)/(qindh/k) 

tb bulk temperature, 
f l  wtJdxdy/II wJdxdy [K] 

Tb dimensionless bulk temperature, 
(tb-- t~)/(qin&/k) = [.~ WTJ dXd Y/ 
I I W J d X d Y  

Tm dimensionless inlet temperature, 
(tin - tj/(qmddk) 

t~ surface temperature at outer wall [K] 
u, v, w velocity components in the x-, y-, z- 

directions [m s l] 
U, V, W dimensionless velocity component 

in the X-, Y-, Z-directions 
Wii 1 maximum axial velocity [m s -~] 
x, y, z rectangular coordinates [m] 
X, Y, Z dimensionless rectangular 

coordinates 
Z + dimensionless distance in the main 

flow direction, Z/(dh Re Pr). 

Greek symbols 
thermal diffusivity of fluid [m 2 s ~] 

fl coefficient of thermal expansion of 
fluid [K t] 

0 angular position [°] 
v kinematic viscosity of fluid [m 2 s ~] 
¢, t/ dimensionless coordinates in 

transformed domain 
p density [kg m -3] 
~b generalized variable. 

Subscripts 
f fully developed quantity 
in inlet quantity 
max maximum value 
rain minimum value. 

dissipation (for low speed) and compressibility effects 
are neglected. The fluid is Newtonian. 

Subject to these assumptions, the governing dimen- 
sionless equations can then be written as follows : 

~U 0V 0W 
0 ~ + 0 ~ + ~ = 0  (l) 

OU OU ~U 
u~-£ + v y f  + oz 

OV ~V ?V OP 

OP 1 (o'-u o"-u~ 
/ 

1 fc q2V 02 V\ Gr T 
+ g + ) + Re-  

(2) 

(3) 

(?W ~?W 0W 
U ~  + V ~  + W ~  = - f ( Z )  

1 [0  2 W  OW~ 
+ + (4) 

OT OT wc)T WW 
U ~ + V ~ +  ~ +  PrR~ 

-- Pr Re \OX 2 + 0 y 2 j  (5) 

where 

eo q J =  
WmAf' 

The equations are non-dimensionalized in terms of 
the following dimensionless quantities : 
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et~rs 

Fig. 1. Schematic diagram for the present physical system. 

x y z u v 
U=- m m V= m m 

w t - -  ts P P 
W =  ~ T =  qi.dh/k i~= P° - " pw~ d. 

The boundary conditions are expressed as 

U = V = 0  W = I  T = T m  a t Z = 0  

aT 
U =  V= W = 0  ~ - ~ = 0  at insert 

U =  V =  W = 0 T = 0  at tube wall. 

Upon simplification and due to the present geometry, 
it can be seen that there are five dimensionless par- 
ameters displayed in the following for the present 
study : 

(l) aspect ratio for the present insert, A R  = L / H ,  
(2) radius ratio, R* = 0.5(L 2 + H 2) t/2 ; 
(3) Prandtl number, Pr = v/a ; 
(4) Reynolds number, Re = Wmdh/V ; 
(5) Grashof number, Gr = flgqind~/(kv2). 

In addition, the term of Gr/Re 2, known as a mea- 
sure of relative contributions of buoyancy force to 
inertia force, was also used in the present study. 

The axial gradient of the cross-sectionally mean 
pressure may be decoupled by making the usual para- 
bolic assumption reported by Patankar and Spalding 
[7]. It is then given by 

dl0 
d Z  . f ( Z )  (6) 

where f ( Z )  is determined by the constraint for the 
constant flow rate. This additional constraint is ex- 
pressed as 

f W d X d Y  = Af. (7)  

Following the general definition, the friction factor, f, 
and local outer wall Nusselt number, Nu, can be 
derived as follows : 

1 
Nu = - - -  (9) 

Tb 

where Tb is the dimensionless bulk temperature, which 
is defined as : 

f f  W T J d X d  Y 

Tb - i f  W J d X d Y  . 

3. NUMERICAL PROCEDURE 

The 3D, governing equations can typically be writ- 
ten in Cartesian coordinates for the dependent vari- 
able ~b in the following form : 

a a ~ a ~  

r ,z) .  (10) 
ark 0r} 

The parameters in equation (10) are defined in 
Table 1. 

Adopting the body-fitted coordinate systems 
developed by Thompson et al. [8] with new inde- 
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Table I. Definition of parameters in equations (10) and (11) 

Equations ~b F R( X, Y. Z) 

Physical domain 
Continuity 

Momentum 

1 

U 

W 

Energy T 

Transformed domain 
Equations 4~ 
Continuity 1 

Momentum U 

Energy 

I 0 

Re ~X 
1 ~f f  Gr  T 

R~" ? y k Re ~ 

I 
- f ( z )  

Re 
l ~ W  

Pr Re Pr Re 

1 0 

1 
R~ Y P'~- YÈP~ 

I Gr  7" 
V Re - J  -- XP,~ + X~P Be e 

1 
w -R-<; 4r~z) 

l q'W 
T - J - -  

Pr Re Pr Re 

pendent variables ~(X, Y) and t/(X, Y), a schematic 
illustration of the relationship between the physical 
domain and the transformed domain shown in Fig. 2 
can be rewritten as follows : 

,! r r  oq~ 

where c~ = J~ + Y~, fl = .g~X, + Y~ Y,~, 7 = X~ + Y~, 
J =  X ~ L - X , Y  ~ and /2= U L - V X ,  , I7= - U Y ~ +  

VX~. 
These relations may then be inverted to obtain 

_X~ I7X,, ITY,, _ Y 
U =  U j - +  j V= J + U  7 .  (12) 

The source term R ( ~ , q , Z )  in the ~--r l - -Z coor- 
dinates is also given in Table 1. 

According to Thompson et al. [9], all Dirichlet 
boundary conditions must remain in the same in the 
transformed plane. At the inner wall, the boundary 
condition for the temperature becomes 

= ~ ~ + 7 at insert (13) 

A 41 x21 boundary-fitted grid in the physical 
domain, shown in Fig. 2, has more grid lines closely 
packed near both walls. On the other hand, at the 
inlet of the entrance region, the variation of variables 

near the walls along the axial direction is large. Conse- 
quently, a very small axial step in the upstream is 
required for accuracy. By means of many tests for the 
axial grid lines, the finest grid is located adjacent to 
the entrance, and the sizes of other grids are chosen 
such that each is within 125% of the adjacent grid 
(based on a trial and error procedure) in order to 
avoid abrupt changes and to obtain convergence. 

Due to the similarity between equations (10) and 
(11), the major steps of the SIMPLE solution pro- 
cedure developed by Patankar [6], which has been 
used successfully for flow calculation in Cartesian 
coordinates, can be extended to fit the coordinate 
system after some modifications. The numerical pro- 
cedure is as follows. 

(l) The initial values of the unknowns U, Is, (_7 and 
P are assigned to be zero at the entrance, Z = 0. 
Uniform inlet axial velocity, W = 1, and a constant 
inlet temperature, T = 0, are used. 

(2) The transformation coefficients ~, fi, 7 and the 
Jacobian of the transformation J are determined by 
the transformed Boussinesq equations reported by 
Thompson et al. [9]. These coefficients and Jacobian 
are computed at each point and return to the main 
program by the grid-generating subprogram. 

(3) Applying the boundary conditions and the 
known values of variables for U, V, W, O, V, T and 
f ( Z )  at the beginning position in the momentum equa- 
tions (11) and (12), the new values of U, V, W and 
/ ( Z )  at the interior points of the next axial position 
are obtained, by power law scheme, with constraint 
(7) for constant flow rate. In this step the pressure 
correction equation and the velocity corrections are 
used. 

(4) With the newly obtained values for U, V, W at 
step 3, the energy equation (11) can be solved iter- 
atively for the interior temperature subject to the 
boundary condition (13). 

(5) Return to step 3 and continue until the fol- 
lowing criteria of convergence for U, V, W and T are 
satisfied at a cross-section 

Max Irl3 + ~ - F ~ ' l / M a x  Ir~,~+'l < 10 5 

where n is the nth iteration of steps 3 and 4. 

(6) The angular local friction factor-Reynolds 
number product, f Re is calculated from equation (8). 

(7) The local outer wall Nusselt numbers are deter- 
mined from equation (9). 

(8) Steps 3-7 are repeated at the next axial location 
until the final Z location is reached. 

4. ACCURACY OF THE SOLUTION 

The numerical calculations in this study were per- 
formed for laminar mixed convection in a horizontal 
tube with various different longitudinal inserts. Fol- 
lowing Chen and Hsieh [4], the aspect ratio for the 
present geometry, A (= L/H) ,  of 0-10, and the radius 
ratio of circumscribed circle of insert to outer tube, 
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T 

I"4 

A F1 B 

F2 

(a)  

T r a n s f o r m e d  p l a n e  

(41X21 grid system) 

(b) 
Fig. 2. (a) Transformation of the solution domain. (b) The body-fitted coordinate system. 

R* (=0 .5 (L2+H2) I /2 ) ,  of  0-1 were applied. Air  
(Pr ~ 0.7) was used in this study. To avoid possible 
occurrences o f  flow reversal and transition (see ref. 
[10]) and to assure a fully developed condit ion could 
eventually be reached in mixed convection duct flow, 
the numerical simulations were considered for 
0 <<. Gr <<. 106at 100 ~< Re <<. 1000. Theaccu racyo f the  
numerical solution and the computing time depend on 
the spanwise and streamwise grid spacings, while the 
range of  spanwise meshes depends on the  values of  
AR and R*. I f  AZ  + is chosen small enough, only one 
or  two iterations are needed before marching down- 
stream to the next X - Y  plane. The axial step sizes, 
AZ ÷, varying from 10 -5 near the entrance to 10 -2 
near the fully developed region, are found to be satis- 
factory. This results in approximately 2150 axial steps 
in each run. Great  care was taken near the entrance 
since at a higher Gr the onset of  secondary flow occurs 
sooner. The effect of  mesh size for a certain case is 
shown in Fig. 3. It is found that the 21 × 15 and 31 x 19 
meshes are too coarse to provide grid-independent 
results, however the computat ions with the 41 × 21 
and 61 x 31 meshes yielded almost identical results 
(within a 0.2% change). In addition, the numerical 

18 
G r  = 106 P r=0 .7  R ¢ = 2 5 0  

16 
A R = 5  R* = 0 .5  

gt~La.vmm 
14 / 41X21 

, / . 3 1 X 1 9  

Nil ]-2 ~ / / ~ " "  2 1 X  15 

8 

6 . . . . . . . .  i . . . . . . . .  i 

0.001 0.01 0.1 

z + 

Fig. 3. Nusselt number distributions with various mesh sizes. 

scheme (41 x21 mesh) was also demonstrated to 
satisfy the governing difference equations to a 
maximum deviation within 1%. In order to save com- 
puting time, the 41 ×21 mesh was accordingly 
employed. The mesh sizes used in the final com- 
putation and the typical computing time required on 
a supercomputer in obtaining a complete result for 
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Table 2. Numerical experiments for grid size and computing times 

R* A R  Mt  M2 M N cpu [s] 

0.0 NA 51 27 3100 

0.0~.3 1 M = 2+(4M] +2MD ~45 25 ~4800 
2 
5 
8 

1 M = 2+ (4MI +2M2) ~41 21 ~4200 
2 
5 
8 

1 M = 2+(4ML +2MD ~51 13 ~3900 
2 
5 
8 

1.0 1 ~61 11 ~4100 
2 
5 
8 

0.3-0.7 

0.7-1.0 

M = 2+(4MI+2M2) 

NA, not available ; R*  = 0 . 5 ~ / ( H Z + L 2 ) ;  A R  = L /H.  

f i 

M I g r i d s  

the axial distance AZ + ranging from 10 5 to 10 -2 with 
a given range of  Gr are given in Table 2. 

To facilitate the presentation of  the secondary flow 
pattern, a dimensionless cross-sectional stream func- 
tion ff is so defined as to be calculated from the vel- 

= nU ocity components by ff S,~ ~ dq with q~ = 0 at r / =  q~ 
(insert wall). Table 3 depicts the parameters con- 
sidered in the present study. 

5. RESULTS AND DISCUSSION 

Based on hydrodynamic considerations, the flow 
field is significantly influenced by the present insert 
blockage and the secondary flow circulation. The 
insert increases the wetted perimeter and reduces the 
flow cross-sectional area. The secondary circulation 
due to buoyancy, which causes a transverse flow 
across the nearly partitioned tube cross-section, is 
quantitatively shown in Figs. 4 and 5. 

The developing process can be better illustrated 
from the typical crossflow patterns : crossflow stream- 

Table 3. Relevant parameters considered in 
the present study 

A R  1,2,5,8 

Gr 10 3, 10 4, 105, 106 

Re 100 ~< Re <~ 1000 

Gr 
Gr 1.0×10 s ~ < _ _ <  1.0xl0-~ 

Re 2 Re  2 

lines and isotherms. Here, unless stated otherwise, 
the contours are drawn at equal increments and the 
reference values are given at the bot tom of each figure. 
Figure 4(a)-(f) shows the two-vortex result (only one 
counterclockwise vortex is shown due to the nature 
of  symmetry) of  P r  = 0.7 for G r / R e  2 ~ 0.16 at six 
different downstream locations with a square insert. 
At Z + = 5 x l 0  4 shown in Fig. 4(a), which is 
approximately only one-eighth of  the diameter of  the 
tube, the buoyancy driven secondary flow has already 
been noted, but it is still weak, especially near the 
insert and tube boundary. The phenomenon is still 
local in nature and the occurrence of  plumes in the 
upper/lower half is similarly due to the growth of  the 
boundary layer. 

Since the fluid is uniformly circumferentially heated 
in the tube, the fluid near the outer wall is warmer 
than the bulk fluid in the core. As a consequence, two 
upward currents flow along half of  the side walls and, 
by continuity, the heavier fluid near the center of  the 
tube flows downwards in Fig. 4. Furthermore,  due to 
the adiabatic square plate inserted concentrically in 
the present tube, two sets of  spiralling vortices which 
are symmetrical about a vertical midplane were 
formed. The corresponding location and size of  these 
vortices do not appear to have changed substantially 
at different axial downstream distances. This is 
because the constraint of  both the narrow and the 
annulus space for the present tube with the adiabatic 
square plate suppressed the movement  of  the vortices. 
The temperature pattern shown in the left port ion of  
Fig. 4(a) suggests that the crossflow is mostly con- 
ductive which strongly indicates the axial velocity (W) 
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T ~0 T ~ T ~ T 

Train=-0.031 ~max--0.45 Train=-0.039 ~max--'0.65 Train=-0.032 "tPmax---0.44 Train=-0.043 apm~---0.61 

(a) (b) (a) (b) 

Tmin=-O.IM7 ~max---0.97 Train=-0.069 aPmax--0.88 Trnin=-0.052 ~max---0.93 Tnun=-0.098 aPmax----0.87 

(c) (d) (c) (d) 

Tmi n =-0.36 ~ raax---'0.84 Tmm =-0.43 ~ max=0.80 
(e) (t) 

Fig. 4. Development of streamline pattern (right) and iso- 
therms (left) in a horizontal tube with a longitudinal square 
insert for Gr/Re2=O.16 at: (a) Z+=0.0005;  (b) 
Z ~ = 0.005; (c) Z + = 0.01 ; (d) Z + = 0.05; (e) Z + = 0.1 ; 

(f) Z + = 0.5 (fully developed). 

Train =-0.41 lPrnax=0.81 Trmn=-0.53 ~max---0.76 
(e) (f) 

Fig. 5. Development of streamline patterns (right) and iso- 
therms (left) in a horizontal tube with a longitudinal rec- 
tangular insert for Gr/Re 2 = 0.16 at: (a) Z ÷ = 0.0005; (b) 
Z ÷ = 0.005; (c) Z + = 0.01 ; (d) Z + = 0.05; (e) Z + = 0.1 ; 

(f) Z ÷ = 0.5 (fully developed). 

has a predominant  behavior of  forced convection. 
This can also be verified in the following discussion. 
As Z ÷ increases to Z ÷ =  5 x  10 -2 [Fig. 4(c)] the 
secondary flow becomes stronger. This is because the 
colder fluid in the core region moves downwards to 
fill the void and a clear vortical flow pattern emerges. 
It is clearly seen that the value of  the maximum stream 
function at any given cross-section increases gradually 
from the value zero at the entrance Z + =  0 to a 
maximum value at certain distance (Z ÷ = 5 x 10 -2) 
from the entrance and then decreases thereafter along 
the axial direction until the flow is thermally fully 
developed. Moreover ,  since the buoyancy effect is 
weak in Fig. 4(a), the isotherms near the side wall are 
packed closely. In addition, the isotherms for smaller 
values of  T in the central core are not  shown due to a 
nearly uniform temperature there. The distortion of  
the isotherms near the insert is gradually increased 
which can clearly be seen from Fig. 4(b)-(f)  in the 
further downstream distance due to the buoyancy 
effect. Taking a closer examination of  Fig. 4, it also 
indicates that the movement  of  the isotherms near the 

insert in the bot tom is faster than that in the top. This 
is because the g/max of  the vortex in the bot tom is 
higher than that in the top [these can be seen in Fig. 
4 (right)]. 

Isotherms and streamlines predicted in a horizontal 
tube with a longitudinal square insert for the different 
streamwise distance are shown in Fig. 5(a)-(0 .  Unlike 
the square insert in Fig. 4, the circulation shown in 
Fig. 5 breaks up into two symmetric corotat ing vor- 
tices which are supposedly connected through a saddle 
point. Again, the location and size of  the vortex do 
not  appear to change substantially for all the figures 
[Fig. 5(a)-(f)], however there is a rapid change in g/m~ 
in the flow pattern as Z ÷ increases. This can be seen 
from the variation of  g/max values [see Fig. 5(a)-(f) 
(right)]. On the other hand, the thermal field is fairly 
stratified in the circumference in most  of  the flow 
domain. This behavior persists until Z ÷ = 0.1 [Fig. 
5(e)] where the buoyancy effect is significant. Close 
examination of  Fig. 5(a)-(f) shows that the ~/ma~ of  
the flow pattern with the square insert is higher than 
that of  the corresponding figure with the rectangular 
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Fig. 6. Development of dimensionless axial velocity profiles 
vs R N  for Pr = 0.7, Re = 250, Gr = 104 and AR = 4 at 
different angular positions and streamwise distance: (1) 
Z + = 0.005; (2) Z + = 0.01; (3) Z + = 0.05: (4) Z + = fully 

developed. 

insert, which suggests the former has a s t ronger  secon- 
dary motion.  However,  due to the four-vortex flow 
pat tern  shown in the latter case, the mixing is higher  
and  it results in a higher heat  transfer,  even though  it 
is no t  clearly noted until  Z + = 5 x 10 2 because the 
growing thermal  bounda ry  layer f rom the upper / lower  
hal f  counterba lances  the heat  t ransfer  until  the mixing 
is fully accomplished.  

The development  of  axial velocity in the radial  
direction at  some angular  locations for bo th  the 
R* = 0.02 and  0.4 is given in Fig. 6 in which a symbol 
R N  denotes  the normal ized (with respect to the gap 
clearance) radial distance in each angular  location,  
with R N  = 0 for the insert  and  R N  = I for the tube. 
It can be seen clearly tha t  the asymmetry  in the axial 
velocity profiles increases as R* increases. For  
R* = 0.02 in Fig. 6, near  the center, the very small 
core tube has a large effect on the velocity profile 
because of  the zero velocity bounda ry  condi t ion  on  
the wall, while near  the outer  wall the profiles are 
nearly identical. Again,  it is seen tha t  the buoyancy  
effects are significant at  a certain distance 
Z+( ,~  5 × 10-2). The buoyancy  effect decelerates the 
fluids near  the insert  a t  locations with small gap clear- 
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ance (R* = 0.02), but  accelerates those at  locat ions 
with large gap clearance (R* = 0.4). This  is because 
the fluids at  R * =  0.02 have low kinetic energy in 
forced convection,  and  can barely overcome the 
addi t ional  flow resistance by buoyan t  force, thus  they 
are fur ther  decelerated. As a result of  the cons t ra in t  
of  cons tan t  cross-sectional mass flow, velocities at  
R* = 0.4 must  eventually increase and  the locat ion of  
the max imum axial velocity shifts towards  the insert 
at R* = 0.4 and  there is an overshoot  region as Z * 
increases. A similar overshoot  at  Z + >  0.01 for 
R* = 0.02 was also observed, but  the magni tude  was 
less. This is because the upward  movemen t  of  the high 
m o m e n t u m  fluid in the core region near  the insert  
makes  the max imum axial velocity occur near  the 
insert  ; the flow in the vicinity of  the insert  accelerates 
while tha t  in the rest area decelerates, especially for 
the core of  R* = 0.4. The final fully developed shape 
of  the profile in Fig. 6 at  different angular  posi t ions 
for R * =  0.02 and  0.04 with the global m a x i m u m  
shifted away from the line of  symmetry corresponds  
to tha t  of  the foregoing four-vortex and  two-vortex 
flow pa t te rn  observat ions,  respectively, and  they are 
also assessed further.  

Fr ic t ion factors f R e  with streamwise distance for 
A R  = 1 and  5 are shown in Fig. 7. In order  to inves- 
tigate the characterist ics between the friction factors 
and  the various parameters  in detail, par t  of  the ori- 
ginal drawing shown in Fig. 7 is enlarged. It is seen 
tha t  the friction factor  behav ior  at  Gr <~ 103(Gr/Re 2 <~ 

0.016) follows the results for pure  forced convection.  
At  Z ~ 5 x 10 2, the friction factor  starts to deviate 
f rom the forced convect ion value seen in Fig. 7. This 
onset  posi t ion seems to occur earlier as Gr increases in 



Three-dimensional laminar mixed convection 307 

Nu 

14 \ R* =0.5 AR=I ] 

1 2 ""...~. Pr--0.7 ............ AR=5 

J --~ Re=250 ~ Ch©n and IJ~i©h [5] 

10 "::...N. ~ c,r = lO 6 
'~.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  I~ 9.416 

6 . ~ ~  t, 6.242 

4 '"'"'"'~=~=~"==:::==========:~ 4.z~4"~ 
Ca- =0-10 3 "" 

2 

0.001 0.01 O. 1 

z ÷ 
Fig. 8. Local Nusselt number vs streamwise distance. 

which the friction factor is enhanced by the secondary 
flow due to the buoyancy force. This is strongly sug- 
gested even though Gr/Re 2 <0.1,  which con- 
ventionally indicates the emergence of mixing convec- 
tion. The buoyancy effect shares its contribution in 
the heat transfer mechanism and, consequently, this 
also reflects the importance of buoyancy in developing 
flow in horizontal tubes. Moreover, it is also noted 
that the friction factor increases with increasing Gr as 
one would expect. Upon further inspection of Fig. 7, 
because the blockage effect becomes more evident, the 
friction factor increases as AR decreases at the same 
R*. However, the buoyancy effects become significant 
after a certain distance Z ÷ is reached, and meanwhile 
the friction factor increases as AR increases. This may 
be due to the buoyancy force increasing the drag force 
of the surface. Finally, after Z ÷ is increased to a cer- 
tain distance, a nominally constant friction factor is 
reached, and it can be referred to as the fully developed 
value. These results are in good agreement with those 
obtained by Chen and Hsieh [5] for fully developed 
solutions. 

Figure 8 shows the buoyancy effects on the local 
Nusselt number in the entrance region of a horizontal 
tube with longitudinal square and rectangular inserts 
for both AR = 1 and 5, respectively. It is found that 
the buoyancy effects are practically negligible. From 
then on Nu decreases uniformly as it behaves in pure 
tbrced convection. The first sign of the buoyancy effect 
appears in the plot as a local minimum near Z ÷ = 
2x 10-3--5 X 10 -3. This region coincides with the 
points where the secondary flow loses its upward 
momentum. At this stage, the local fluid is replaced 
by the lower momentum fluid flow from below. Conse- 
quently, the axial velocity is reduced along with Nu. 
Since the vortex moves upward and gathers strength 
as it travels further downstream, evidenced by the 
preceding discussion, the position of the local mini- 
mum in Nu moves upstream and the valley becomes 
deeper as Gr increases. Thereafter, prior to the fully 
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Fig. 9. The variations of Lh(95% Nuf) with Gr for different 

Res and a comparison with ref. [14]. 

developed condition, the flow near the bottom accel- 
erates due to the momentum transfer by the secondary 
flow which also reduces the tube surface temperature 
and, in turn, raises Nu. This behavior becomes stronger 
as Gr increases. This phenomenon coincided with Nu 
variations in the entrance region reported by Abou- 
Ellail and Morcos [12] and Choi and Chi [13]. The 
relative contributions of forced and natural con- 
vection are clearly noted for 0,16 ~< Gr/Re2<~ 16, 
especially for Gr/Re 2 = 16 at which the natural con- 
vection shares almost equal importance with that of 
forced convection in the fully developed state. More- 
over, a similar variation of the fRe  plot of Nu along 
the streamwise distance with an increase in AR was 
also seen in Fig. 8. Again, excellent agreement of the 
fully developed Nu is found with Chen and Hsieh [5]. 

To understand the locations of L, in relation to the 
heat transport, the Lhs (95% Nuf) are obtained for the 
location where 95% of the Nusselt number of a fully 
developed flow is reached. Figure 9 shows that the 
variation of L, (95% Nuf) becomes small as Gr 
increases, which is roughly the same in magnitude 
over the range of the Gr in the present study. In 
addition, for a given Gr value the L h (95% Nuf) 
increases as Re increases. It is also seen that the LhS 
(95% Nuf) for the different Res gradually become 
identical as Gr increases. Also, it is found that the 
results of Lh (95% Nuf) are in good agreement quali- 
tatively with those based on the mixed convection at 
the entrance region of a rectangular duct heated from 
below [14]. Furthermore, the results of Lh (95% Nut) 
for the lower Re and Gr depicted in Table 4 show 
good agreement with ref. [14]. The present values of 
Lh (95% Nuf) are slightly lower than the cor- 
responding data of Narusawa [14]. This is attributed 



308 S.-S. HSIEH and M.-Y. WEN 

Table 4. Comparison with Narusawa [14] for entrance length Lh (95% Nuf) 
subjected to lower Re and Gr 

Gr Re Lh (95% Nuf) [m] Lh (95% Nuf) [m] 
(present study) (Narusawa [14]) 

3800 20 0.12 0.14 
50 0.30 0.36 
70 0.41 0.50 

4900 20 0.08 0.10 
50 0.21 0.27 
70 0.30 0.37 

8300 20 0.06 0.07 
50 0.18 0.21 
70 0.24 0.28 

Physical geometry 

(present s tudy)  (Narusawa [141) 
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Fig. 10. Nu, fRe and Lff vs R* for fully developed laminar 
flow. 
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Near  the center, there is a big effect on the thermal 
flow caused by the very small core insert because of  
the zero velocity boundary condition on the wall. Near  
the outer wall the velocities are nearly identical. As 
stated earlier, the presence of  a small rectangular core 
near the center (R* = 0.01) significantly decreases the 
Lh ~ . Subsequently, the L + decreases as R* is increased, 

A comparable sequence of  the flow visualization 
photographs at two different downstream distances 
which confirms the numerical predictions at Gr = 104 
and Re = 500 is given in Fig. 11. The flow visual- 
ization was made by means of  a smoke generator 
under the steady-state condition. The steady-state 
condition was determined when the variation of  
temperature of  the tube wall was less than 1% of 
that of  its previous value. It was found that there 
is a good qualitative agreement between the predic- 
tion and the experiment at the same corresponding 
condition. 

to the present geometry which enhances the heat trans- 
fer between the wall and the fluid. 

Figure 10 compares the R* dependencies of  theftRe 
factor, Nu and L~ obtained by the present calculation 
for three different ARs. It can be seen clearly tha t fRe  
and Nu increase as R* increases until R* equals about 
0.5. Then, fRe  and Nu decrease as R* increases. One 
limiting case of  annular ducts, R* = 0, is a circular 
duct with an 'infinitesimal thickness rectangular 
insert' at the center. Hence, the boundary conditions 
for the annular duct with R* = 0 are not  identical to 
those for a general circular duct. However,  fortun- 
ately, in most cases the flow ( fRe  = 16) and heat 
transfer (Nuf = 4.364) results for the R* = 0 annular 
duct are identical to those for the circular duct. Upon  
further examination, the presence of  a small rec- 
tangular core at the center (say R* = 0.01) sig- 
nificantly increases the flow resistance, f R e  and Nu. 

6. CONCLUSION 

Numerical simulation for a steady, developing 3D 
laminar mixed convection in an axially uniformly 
heated horizontal tube with different longitudinal 
adiabatic inserts for a Prandtl number of  0.7 was 
performed by means of  a finite-difference procedure 
with a boundary-fitted coordinate system (BFCS). 
The examination of  flow structure, such as the onset 
and full development of  mixed convection, in relation 
to thermal transport with the aid of  flow visualization, 
and the investigation of  the effects of  various 
parameters, such as Reynolds number, Rayleigh num- 
ber, aspect ratio and radius ratio of  the insert on heat 
transfer, friction factor and entrance length in the 
simultaneously developing and fully developed 
regions, were studied extensively. Based on the results, 
the following conclusions can be drawn. 
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Fig. 1 t. Comparison of the predicted flow structures for Re = 500 with the flow visualization at two 
different downstream distances. 

(1) The asymmetry in the axial velocity profiles 
increases as R* decreases. Moreover ,  near the center, 
the very small core tube has a large effect on the 

velocity profile because of  the zero velocity boundary 
condit ion on the wall, while near the outer  wall the 
profiles are nearly identical. In addition, the buoyancy 



310 S.-S. HSIEH and M.-Y. WEN 

effect decelerates the fluids near the insert at locations 
with a small gap clearance ( R * =  0.02), but accel- 
erates those at locations with a large gap clearance 
(R* = 0.4). 

(2) The average Nusselt number  of each cross-sec- 
tion along the downstream distance decreases initially 
due to the growth of  a thermal boundary layer and 
starts to rise as the secondary flow becomes more 
active. The effect of  flow on the buoyancy force 
increases and decreases due to unstable stratification. 

(3) The variation of  L~- becomes small as Gr 
increases, and it is roughly the same in magnitude over 
the whole range of  Gr. In addition, for a given Gr 
value Lff increases as Re increases. It is also seen that 
the L~ + for different Res are gradually identical as Gr 

increases. 
(4) f R e  and Nu increased and Lff decreased as R* 

increased until R* equalled about  0.5, and thereafter 
f R e  and Nu decreased as R* increased. Moreover,  it 
was found that  the flow ( f R e  = 16) and heat transfer 
(Nuf = 4.364) results for R * =  0 annular  duct are 
identical to those for the circular duct. In addition, 
the presence of  a small rectangular core at the center 
(R * = 0.01 ) significantly increases the flow resistance, 

./'Re and Nu. Near the center, there is a large effect on 
the thermal flow caused by the very small core insert. 

(5) The conventional criterion for mixed con- 
vection (0.1 ~< Gr/Re 2 <, 1.0) no longer seems valid 
for developing flow in longitudinal heated tubes, 
especially with tube inserts. 
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